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ABSTRACT The implication of ignoring the unobserved heterogeneity while estimating the parameter of time to event 
survival model which assumes impliciting the homogeneous population. It is also important to procure and 

express the analysis for varying treatment effects among different subjects of patients in clinical trials.  This paper aims to 
implement a class of flexible accelerated failure time model with proportional hazard assumptions and random effect. The 
model is applied to breast cancer data with frailty assumptions and compared with non-frailty models. The results show that 
the frailty model approach is compared with the other models for survival prediction.

Introduction 
In many applications, particularly in clinical trials, survival 
analysis implicitly assumes a homogeneous population to be 
studied Cox (1972). In most of the applications, the study 
population cannot be assumed to be homogeneous as the 
effect of drug may be individual specific or group specific or 
each subjects has its own biological response to the treat-
ment (Aalen,1988). It is a basic observation of medical statis-
tics that individuals are dissimilar (Murphy,1992). The natural 
course of a disease varies a lot from person to person. This 
heterogeneity is often termed as biological variation (Aal-
en,1988) and it is generally recognized as one of the most 
important sources of variation in medicine and biology. Still, 
there is a tendency to regard that this variation as a nuisance, 
and is not as something to be considered seriously on its own 
right. For instance, a typical clinical trial draws conclusions 
about the average effect of treatment, and do not say much 
about how the effect varies between patients.  Therefore, 
there is a mixture of individuals with different hazards. It is not 
always possible to obtain all relevant covariates related to 
the study on disease of interest.  The heterogeneity may be 
explainable in terms of observed covariates though there will 
always be an unexplained residual. Hence, the heterogeneity 
is considered basically as unobserved and is manifesting only 
indirectly (Aalen,1988). 

Frailty models have been used when groups of subjects have 
responses that are likely to be dependent in some general 
way. Liang, et al., (1995) discusses the use of frailty models 
with multivariate failure time data. If the value of the frailty 
is assumed to be constant within groups, the models are 
called as shared frailty models. The shared frailty model has 
been extensively discussed by many authors (Picklets, et al., 
1994; and Yashin, et al., 1995; Vu, et al., 2001; Duchateau, 
et al.,2002; Rahgozar, et al., 2008).  A flexible approach to 
the parametric analysis of survival data with frailty have been 
elaborated and discussed by Lambert et al., (2004).

Materials and Methods
In modelling the survival data, handling of censored obser-
vations is a key important aspect. In this paper, we consider 
only right censoring observations. The proportional haz-
ards specification expresses the hazard in terms of a base-
line hazard, multiplied by a constant. The hazard function is 
that of a Weibull model and is reparameterized as (Cox and 
Oakes,1984)
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The unobserved differences between the observations are 
modelled through a multiplicative scaling factorν  which is 
a random variable taking on positive values, with mean nor-
malised to one and finite variance 2σ . It is to desire to have 
a common value of frailty for a group of observations. 

This random effect for the ith cluster, ni, is incorporated con-
ditionally into the proportional hazard function previously 
examined:

( ) ( ) ( )ijii xthth βνν exp0=           [1]

which may be re-expressed as 

( ) ( ) ( )iiji xthth ηβν += exp0 ,   [2]

showing ni, actually behaves as an unknown covariate for the 
ith cluster in the model. iη is also a random effect term which 
follows normal distribution and )exp( iη  follows log normal 
distribution. Using the relationship between the survival and 
the hazard function,  the conditional survival function is  
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and the conditional likelihood is

( ) ( ) ( )( )iijiij

n

j

I

ii tSthL
iji

ννΠΠνβγ δ |||,
11 ==

=   [4]

where there are I clusters, ith one being of size  ni and g and 
b represents baseline hazard and regression parameters, re-
spectively. On substitution it gives
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The marginal likelihood ),βγL(  is obtained through integra-
tion of the random effect distribution which is also independ-
ent of iν . 

In a shared frailty model,  the ith group and fixed observed 
covariate vector ijx , is assumed as

 ( ) ( ) ( ) i
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where ( )th0  is an unknown baseline hazard function which  
is common to every subject and β is the vector of fixed ef-
fect parameters.  The shared frailty variable Yi is assumed to 
be independent and identically distributed for groups of pa-
tients. To model a frality,the most commonly used is Gamma 
distribution,which is given by

 ( ) ( ) n,...,i,yexpyyfY iiii 11 1 =−
Γ

= − θθ
θ

θθ   [7]

The higher values of 1)-θ( signifies larger variances for iy , 
consequently greater heterogeneity among different groups 
of patients. The role of shared frailty model is most useful 
when we consider multivariate survival times. 

Results 
We consider the database consisting of 368 breast cancer 
women patients diagnosed at Cancer Institute (WIA), Chen-
nai, India and follow-up period up to 180 months. The event 
of interest was time to death. Overall 187(51%) cases have 
experienced the event and 63% of 130 are of stage 3B cases. 

The demographic and disease characteristics of the patients 
are given in table 1 

Table 1: Classification of death according to  Stages and 
Age group

Stages Age groups

Stage2B
N (%)

Stage3A
N (%)

Stage3B
N (%)

Age <50 
years
N (%)

Age ³ 50 
years
N (%)

Death 
Status 
Alive 
Dead

61 (55)
49 (45)

72 (56)
56 (44)

48 (37)
82 (63)

115 (53)
103 (47)

66 (44)
84 (56)

Total 110 128 130 218 150
From the table1, we see that death increases with the sever-
ity of stages and ages. The event experienced cases among 
age group in more than 50 years is higher than the less than 
50 years (Pari Dayal et al., 2013). The linear predictor is set 
equal to the intercept in the reference group (stage = 3); this 
defines the baseline hazard. The corresponding distribution 
of survival time is Gamma(Cox and Oakes, 1984).  

The following Table2 illustrates the accelerated failure time 
model and estimate the cumulative distribution function of 
time to death among breast cancer patients.

Table 2: Iteration History for Fixed-Effects Model (without 
random effect)

Iteration History 

Iteration evalua-
tions

NegLog-
Like Diff MaxGrad Slope

1 2 4525.01 9162.29 18100000000.0 -31380000.0
5 31 3362.22 205.23 29351809.0 -11.4
10 41 2318.78 210.86 93508.6 -12.0
15 55 1773.42 29.19 4716.1 -64.7
20 67 1536.56 10.46 1210.4 -14.4
25 77 1402.25 34.70 743.2 -130.3
30 86 1180.29 32.98 213.5 -41.5
35 96 1011.98 10.36 64.5 -36.7
40 106 976.94 0.02 3.4 -0.1
41 108 976.94 0.00 0.1 0.0
42 110 976.94 0.00 0.0 0.0

Parameter Estimates
Parameter Estimate SE p Value lower upper
gamma 3.0934 0.1892 <.0001 2.7214 3.4654
b0 4.863 0.0241 <.0001 4.8155 4.9104
b1(stage) -0.01183 0.0314 0.7065 -0.07358 0.04991

-2 log likelihood is 1953.8

The fixed effects failure time model is used the Dual Quasi-
Newton method for optimization technique. There is no  ini-
tial values assigned for gamma, beta0 and beta1. The “Itera-

tion History” in Table2 shows that the procedure converges 
after 40 iterations and 110 evaluations of the objective func-
tion along with the parameter estimates. The parameter esti-
mates and their standard errors are shown in Table2 with con-
fidence limits. The deviance (-2 log likelihood) of this model 
is 1953.8. Since the slope estimate is negative with p-value of 
0.7065, there is no significant difference between stages, but 
the estimated probabilities give information about patient-
to-patient variation within and between stages. Further, the 
deaths are more in the higher stages than compared to the 
lower stages. 

Table 3: Iteration History for Random-Effects Failure Time 
Model and parameter estimates 

Iteration History

Iteration evalua-
tions

Ne-
gLog-
Like

Diff MaxGrad Slope

1 2 1586.79 150.99 90.61 -2610.21
5 13 1129.33 140.89 138.22 -48.75
10 23 982.36 6.36 31.80 -15.54
15 32 976.61 0.32 9.88 -0.30
20 42 976.34 0.00 0.80 -0.01
25 51 976.34 0.00 0.29 0.00
26 52 976.34 0.00 0.09 0.00
27 54 976.34 0.00 0.00 0.00

Parameter Estimates(Random Effect)
Parameter Estimate SE p Value lower upper
gamma  3.0834 0.1882 <.0001 2.6214 3.2254
b0  4.2571 0.0124 <.0001 4. 1050 4.4153
b1(stage) -0.0101 0.0241 0.5235 -0.0558 0.0346
logsig -0.3443 0.0330 0.7180 -0.0800 0.4000

-2 log likelihood is 1952.7

The Table3 shows that the objective function is computed 
by adaptive Gaussian quadrature because of the presence of 
random effects and also reports that nine quadrature points 
are being used to integrate over the random effects. It mod-
els the hazard for patient with random effect. The random 
effect is ν  in the linear predictor. This term enables to ac-
commodate and estimate patient-to-patient variation in their 
status by introducing random effects into a subject’s hazard 
function. The empirical Bayes estimates of the random effect 
and the estimated cumulative distribution function are also 
saved to subsequently graph the patient-specific distribution 
functions.  The procedure converges in less than 15 iterations 
and 54 evaluations (Table3). The achieved -2 log likelihood is 
1952.7 marginally less than the fixed effect model. The AIC, 
BIC and AICC are similar between fixed effect and random 
effect models.

The predicted values and patient-specific survival distribu-
tions is plotted. The separation of the distribution functions 
by stages is marked in figure1. Most of the distributions of 
patients in the stage2B are to the left of the distributions in 
the stage3A and stage3B. The separation is not absolute. 
However, several patients who are in the higher stages expe-
rience the event more in amount than patients in the begin-
ning stage.
Table4: Patient-Specific Cumulative Distribution Func-
tions and Predicted Values for all stages: pcdf1 for Stage 
2B(110 cases);  pcdf2 for Stage3A(128 cases); pcdf3 for 
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Stage 3B(130 cases) 

pt pcdf1 pcdf2 pcdf3 pt pcdf1 pcdf2 pcdf3 pt pcdf1 pcdf2 pcdf3

1 0.62419 0.61075 0.39650 46 0.79220 0.75133 0.00150 91 0.64197 0.64602 0.64122

2 0.76390 0.82579 0.38755 47 0.78531 0.16889 0.34359 92 0.07088 0.60177 0.00002

3 0.00066 0.00616 0.01674 48 0.74140 0.35381 0.83265 93 0.01240 0.01736 0.04961

4 0.87482 0.00310 0.00007 49 0.41920 0.00012 0.21653 94 0.56941 0.01588 0.00255

5… 0.41920 0.60177 0.00401 50… 0.06710 0.52841 0.00298 95… 0.00001 0.02417 0.03368

20… 0.20176 0.00416 0.80178 65 0.66808 0.72853 0.07737 110… 0.27807 0.61075 0.62385

35 0.82470 0.68842 0.00216 80 0.01367 0.77311 0.00298 125 . 0.00310 0.47864

36 0.20176 0.25382 0.00018 81 0.00722 0.65466 0.02154 126 . 0.54695 0.00298

37 0.31153 0.76597 0.00079 82 0.56941 0.00544 0.00181 127 . 0.57454 0.00181

38 0.00161 0.50979 0.00181 83 0.65946 0.00127 0.46023 128 . 0.01588 0.00047

39 0.04710 0.61966 0.78856 84 0.65946 0.50047 0.00255 129 . . 0.26910

40… 0.74902 0.00874 0.05583 85… 0.11596 0.72853 0.00460 130 . . 0.00079

In Table 4 the predicted values of patient-specific cumulative 
distribution functions are calculated for all stages of breast 
cancer. The stage 2B is having 110 patients, stage 3A is 128 
patients and stage 3B is 130 patients. The ‘pcdf1’, ‘pcdf2’, 
‘pcdf3’ are in table4 is for stage2B, stage3A and stage3B re-
spectively. The preferred prediction values for all three types 
are illustrated under the heading of ‘pcdf1’, ‘pcdf2’ and 
‘pcdf3’ in Table 4.

Discussion and conclusion
The parameter estimates of both fixed effects and random 
effects failure time models are identifiying the  same risk fac-
tor for time to death breast cancer patients. Venkatesan et al. 
(2009) modeled the predictions based on survival as well as 
regression approaches for breast cancer patients and he also 
highlighted the essential to adjust for patient-related factors 
that could potentially affect the survival time of breast cancer 
patients(Venkatesan et al.,2011). Swaminathan et al. (2010) 
projected the utility of a mixture model to estimate the cure 
fraction when PH assumptions is violated  for patients with 
breast cancer. Kong et al.(2010) expressed the parametric 
frailty models provide viable ways to study the relationship 
between exposure variables and clustered survival outcome 
that is subject to random censoring. But we documented 

through this paper that the role of frailty model showed the 
advantages than the all other models fits the breast cancer 
data and compared the same in the absence of frailty factor 
too.  The frailty factor varies from individual to individual and 
is proved to be observable. Here in, it focuses the term frailty 
and its enables to accommodate and estimate patient-to-
patient variation in their status by introducing random effects 
into a subject’s hazard function. The same was concentrated 
and proved at last. Since the hazard function is non-negative, 
frailty factor must be restricted to non-negative values. The 
frailty model for per subject basis assumes the random effect 
and it varies between individuals. The shared frailty model for 
group factor assumes an unexplained heterogeneity and is 
shared by related individuals with frailty in common with sev-
eral individuals. The random effect model predicted values 
for stages using adaptive Gaussian quadrature in the pres-
ence of frailty factor. The deviance between these two ap-
praoches are highlighting the same. Though the deviance of 
random effect model is marginaly lesser than the fixed effect 
model, but it is ultimately appreciable. In most of the cases, 
a frailty model can only imply a positive correlation within 
group. This is substandard in some situations, because it is 
not reflecting the reality.


